INTRODUCTION
We first specify the notation we shall use, concerning notably vector fields, matrices, function spaces, derivatives and norms. In what follows, Latin indices take their values in the set {1, 2, 3} and the repeated index convention is used. pressure field, displacement field, déformation field, unit outer normal vector to the boundary of a domain, Euclidean inner product, Euclidean vector norm, matrix with element A l} (i : row index, j : column index), matrix inner product, matrix norm associated with the matrix inner product, adjugate of the matrix A = transpose of the cofactor matrix, set of all matrices of order 3, set of skew symmetrie matrices of order 3, set of symmetrie matrices of order 3, set of symmetrie positive definite matrices, set of orthogonal matrices, set of orthogonal matrices, with determinant equals to one, first Piola-Kirchhoff stress, second Piola-Kirchhoff stress, volume force operator surface force operator, loading operator, a dead load, for some integer m ^ 0 and some real number for a given C 00 matrix-valued function a : (x, A) e Ü x M 3 -• M 3 , f being the first Piola-Kirchhoff tensor. For details about the constitutive law, the interested reader should refer to [14] .
The equilibrium équations for such a body subject to body force b are of the form divf + è=0 in H, (0 The incrémental methods consist in approximating the above nonlinear équations by a séquence of linear problems. Unfortunately these operators are not defined between affine manifolds and moreover they do not always possess the inverse function theorem property, a crucial condition on which dépends the applicability and the convergence of the method as proved by Bernadou-Ciarlet-Hu [5] . We therefore have to modify the incrémental methods according to the problem we want to solve.
In Section 1 we study the pure displacement problem. q >° which are both linear spaces. This operator satisfies the crucial inverse function theorem property. We then describe the relation between both operators Gj and è a and we apply the incrémental methods to the second operator, in order to approximate the local solution for the pure displacement problem in the case of a dead load.
In Section 2 we consider the pure traction problem. The associated operator 0 2 is defined on a non affine manifold. with no axis of equiiibrium ; then iocaîiy there exists a unique rotation Q such that the element (Ql,0) e N. Consequently we obtain the local unique solution corresponding to the load £. The solution corresponding to the dead load Ql is obtained from the solution of an appropriate differential équation between the above considered spaces, with Q£ as a parameter in the vector field. The approximation comprises two steps : we first approach the parameter Q|, then we apply Euler's method to the differential équation in which the approximate value of g£ is a parameter.
Finally we consider a class of live loads. Under some additional assumptions on the loading operator f we first prove the existence and local uniqueness of a solution via the fixed point theorem, using in a crucial way the polar décomposition of invertible matrices. The approximation of the solution consists in approaching a finite séquence of solutions for traction problems of the dead load type. 
Existence
Let ft be an open bounded and connected subset of R 3 with a sufficiently smooth boundary F. We assume that ft is the référence configuration of an incompressible body in the absence of any applied forces. The equilibrium équations of the body, when it is subjected to a body force b, are :
(1-1-3)
Given a constitutive law for the first Piola-Kirchhoff stress f as defined in [14] <J?
T , (1.1-4) where p is the pressure and the constitutive law is a matrix-valued C 00 mapping a : ft x M 3 -> M 3 , the problem then consists in solving the following boundary-value problem for the displacement field u -(u t ) and the pressure p :
The dependence on x in the constitutive law has been omitted in the formulas. The second Piola-Kirchhoff stress
could be equivalently used in these équations as in [5] , In what follows the different Sobolev spaces are defined for integers m and real numbers q satisfying the condition mmO and q>3 .
(1.1-9)
Considering the équations (l.l-6)-(l.l-7) and the condition (1.1-9) we define the set of admissible displacements This set has a C ^-submanifold structure because of the condition (1.1-9) as shown in [14] , The pure displacement problem reduces to solving the équations
In order to analyse the properties of the left hand side of the équation (1.1-12) which will be useful in the sequel, we gather here all the properties of the constitutive law a under our hypotheses :
• the matrix-valued function a : Ù This operator is C °° and locally bounded as a composition of the mappings
T and the Nemytsky operator $ >-> «(Y^) which are all C 00 and locally bounded ( [13] , [20] 
Ja
The équation is equivalent to the linear pure displacement boundary-value problem We may write
We find that the intégral of the above expression vanishes using Green's formula, the Piola identity and the boundary condition. Clearly this operator is also C oe and locally bounded with all its derivatives. It is easy to conclude that 
which contains W™** x W m + 1 ' 9 ' 0 x {0} , ( [14] ). We easily conclude using the Banach theorem.
We can now deduce a theorem similar to theorem 1. which is exactly the solution for the pure displacement boundary-value problem (l.l-5)-(l.l-7).
Description and convergence of the method.
We begin by specifying some subséquent notations. We dénote by 
and L 2 (X, Y) for the normed spaces X and Y. We shall not consider the case of a gradient vector field b e C l (Cl, U 3 ) for which a trivial solution is given by the pair (0,p),
(1-2-1)
We can now describe the approximation of the boundary-value problem (l.l-5)-(l.l-7) by an incrémental method. Given a dead load b in the neighborhood B, as defined in theorem 2, we approximate the solution (U>P)> (QiiUiP) = (6>0)) as follows : let there be given any partition
of the interval [0, 1]. We let We end this algorithm by computing the N-th approximate PiolaKirchhoff second stress tensor from the AT-th approximate displacement and pressure by
Bef ore proving the convergence of this method, we recall some relevant results proved so far :
We showed that the operator h x is C °° and has locally bounded derivatives of all orders. We deduced (theorem 2) from the hypotheses (1.1-13)-(1.1-16) and (1.1-27) that ^ defines a local diffeomorphism between a neighborhood UxP of (0,0)inr
is an isomorphism between the above spaces which are both Banach spaces. We now describe these neighborhoods in the following theorem. and, as a by-product,
where C j and C 2 are constants which depend only on p, L p and
APPROXIMATION OF A PURE TRACTION BOUNDARY-VALUE PROBLEM FOR INCOMPRESSIBLE MATERIALS

Preliminary
To begin with, let us recall some définitions that we shall use in the sequel. The mapping, is an isomorphism. We define two canonical projections A loading operator is said to be a dead foad if it is constant (£(<!>)= (ê> l))> otherwise it is called a live load. One should refer to Chillingworth-Marsden-Wan [6] for details on the above définition and assumptions.
We can now describe the pure traction boundary-value problem. We consider the constitutive law of an incompressible material as defined in Section 1 by the relation (1.1-4) and we keep the hypotheses (1.1-13)-(1.1-16 ). The problem consists in finding a déformation $ and a pressure/» that satisfy Green's formula implies that the load (b, T) must be of total force zéro. Evidently the load (è', T') belongs to L e . For m => 3/2 -1 it is known ( [21] ) that this system possesses a unique solution in H^* 2 x H m + 1 . The hypothesis (2.1-21) guarantees that the regularity results hold for m = 0 and q > 3 ; e/. Geymonat [10] . D THEO REM 6 : There exists a neighborhood U x P of (id, 0) i' w 
Approximation of the pure traction boundary-value problem with dead load
We first consider the case of a dead load that belongs to the submanifold N (the results obtained in this case will be used later). Let there be given a load (| 5 0) in N ; then the solution of the problem is such that
1(<?,P)= (L,0). (2.2-1)
We can now proceed as in Section 1. We consider a regular partition of the interval [0, 1],
such that
and we let A^ approach infinity. The incrémental method is defined as in Then we define the (n + 1 )-st approximate solution
and in particular we obtain the N-th approximate solution (<p N ,p N ).
The convergence of this method also follows from classical result about ordinary differential équation. It suffices to note that the solution of the équation 9* (?,ƒ>) = (LO) (2.2-9) is the value at the point 1 of the solution of the differential équation is of class C 00 with respect to ail its arguments. Moreover it is locally bounded because of the local boundedness of the different operators it is composed of. The equilibrated part of the load, l e (or f, evidently) appears as a parameter in the vector field (2.2-12) and the solution of the équations (2.2-12)-(2.2-13) dépends continuously on this parameter. More precisely, there exists a constant C depending on the vector field v x such that for given parameters f le and £ 2 e> tf (<PIJ.PI) an< 3 {WiiPi) are tne solutions of the équations (2.2-10) and (2.2-11), we have
We shall now use these results to treat the case of an equilibrated load |, (f e L e ). We begin by recalling essential results due to ChillingworthMarsden-Wan [6, Sections 4, 5], which will be necessary for constructing the incrémental method. We adapt them to the case of incompressible materials in the following form : • Q is differentiable with respect to £ and Q is the unique solution of the implicit équation (2.2-17)
where H is the mapping defined by
Proof: It follows from the décomposition of L onto L e ® skew that
The results then follow from [6, theorem 5.1]. D From the above theorem, we conclude that if a load l in the neighborhood O Q is sufficiently small, we can define in O 3 a curve Q(tl) that is defined for t = 1. This is equivalent to saying that we can choose the pair (O 0 , [0, 1] we deduce from the principe of material frame-indifference and from the relation
We have thus shown that the pair (<&,p) is a solution of the pure traction boundary-value problem. We obtain the same results for the gênerai case of a load (£, g), with g e W m + 1 ' q not necessary zero.
Let £ be in L e . The orbit of £, viz.,
which we identify with the set
intersects the manifold N for at least four rotations [6] , but if we restrict ourself to the neighborhood Vj, the set of such rotations reduces to the single rotation that we have denoted Ö(£). In the construction of an incrémental algorithm, we must successively approximate Q(l), then the solution (<p,p) and finally $. We approximate Q(i) by an incrémental method. For this purpose we here recall the following well known results (Lang, S [12] ). We can choose the neighborhood V o (equivalently V t ) and O 0 in such a way that : The f uil expression of the vector field v 2 is quite involved. We shall We combine both inequalities to obtain the desired resuit. A similar estimate holds for \\p -p N ||. D To sum sup, our approach is based on an essential resuit on compressible materials due to Chillingworth-Marsden-Wan [6] : given a sufficient « small » dead load £ 0 in L e without axis of equilibrium, there exists a neighborhood O 0 of £ 0 in L e , in which each load is without axis of equilibrium and has an orbit which intersects TV. We have adapted this result to incompressible materials and finally we have constructed an incrémental method for each load £ in O 0 . We shall also use this result to treat live loads in the next paragraph.
Approximation of the pure traction boundary-value problem with live loads
In this paragraph we keep all the hypotheses made on the nonlinear operator 6 2 . Let us consider a loading operator £ as define by (2. Then we establish a lemma which will be usefull in the sequel.
LEMMA 3 : Let h be a dead load in L e which satisfies the inequality (2.3-4).
Then R T h is without axis ofequilibrium, where R is the polar décomposition rotation of k(h).
where
$ = R(h)Q(h)
T < S and &($,/>) = {h, 0) . (2.3-18) We easily show that this mapping is also Lipschitzian. More precisely, for given loads h x and h 2 in U, we have with 7 = C(C(/?) + C(Ö)C«) + Ca)C(g 1 )). (2.3-20) We observe that the constants C (R) and C(£) can be computed independently of the nature of the material, while the constants C (g) and C(v x ) depend only on the constitutive law. Hence the constant 7 can be computed if the constitutive law is known. Let p = max (7, ô/r 0 ) , (2.3-21) and assume finally that the constant d is such that dp < 1 . We can now establish an existence resuit. • (2.3-23)
We have thus shown that the solution of the live load problem is nothing but that of the dead load problem in which the fixed point h is the load. We also note that the polar décomposition is used in a crucial way in the construction of the mapping x-This was possible because we assumed condition (2.3-4) .
It is now easy to describe an approximation scheme of the solution based on the dead load case. Let us consider the séquence of dead loads recursively defined in U as follows :
ho,h i + 1 = X (hj). (2.3-24) 
